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Abstract
In this work we present a simple approximation for the Voigt/comp-
lex error function based on fitting with set of the exponential functions
of form αn|t|ne−βn|t|, where αn and βn are the expansion coefficients.
The computational test reveals that the largest absolute differences
for the real and imaginary parts of the complex error function are
0.037 and 0.036, respectively.
Keywords: Voigt function, Faddeeva function, complex error func-
tion, complex probability function, rational approximation, spectral
line broadening
1 Methodology description
Suppose that the function e−t
2
can be expanded by a set of the damping
functions of kind αn|t|ne−βn|t| with corresponding expansion coefficients αn
and βn. Then, we can write
e−t
2
=
N∑
n=0
αn|t|ne−βn|t| + N (t), (1)
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where N (t) is the error term associated with corresponding integer N . As
a simplest case we consider only first two terms in series expansion (1).
Consequently, from equation (1) it follows that
e−t
2
= α0e
−β0|t| + α1 |t| e−β1|t| + 1 (t) . (2)
We found empirically that the following set of expansion coefficients
α0 = 1, β0 = 5.5, α1 = 5.5 and β1 = 2.75
provides a reasonable fitting. Thus, we can rewrite equation (2) as
e−t
2
= e−5.5|t| + 5.5 |t| e−2.75|t| + 1 (t) . (3)
Fig. 1. a) The functions e−5.5|t| (blue curve), 5.5 |t| e−2.75|t| (red curve),
their sum e−5.5|t| + 5.5 |t| e−2.75|t| (green curve) and the original function
e−t2 (dashed black curve). b) The error term 1 (t) defined as the difference
e−t2 − (e−5.5|t| + 5.5 |t| e−2.75|t|).
Figure 1a shows the functions e−5.5|t|, 5.5 |t| e−2.75|t| and their sum e−5.5|t|+
5.5 |t| e−2.75|t| by blue, red and green curves, respectively. The original func-
tion e−t
2
is also shown by black dashed curve. Comparing the green and
black dashed curves we can see that the function e−5.5|t| + 5.5 |t| e−2.75|t| ap-
proximates the original function e−t
2
reasonably well.
Figure 1b shows the error term 1 (t). As we can see from this figure, the
deviation is quite small since |1 (t)| << 1.
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2 Derivation
The complex error function, also known as the Faddeeva function, can be
defined as [1, 2]
w (z) = e−z
2
1 + 2i√
pi
z∫
0
et
2
dt

where z = x + iy is the complex argument. It is not difficult to show that
the complex error function (3) can also be represented as given by
w (x, y) =
1√
pi
∞∫
0
exp
(−t2/4) exp (−yt) exp (ixt) dt. (4)
Consequently, separating the real and imaginary parts in equation (4) results
in
w (x, y) = K (x, y) + iL (x, y)
such that [2, 3]
K (x, y) =
1√
pi
∞∫
0
exp
(−t2/4) exp (−yt) cos (xt) dt (5)
and [3]
L (x, y) =
1√
pi
∞∫
0
exp
(−t2/4) exp (−yt) sin (xt) dt, (6)
respectively.
The real part K (x, y) of the complex error function is known as the Voigt
function [2, 3]. The imaginary part L (x, y) of the complex error function has
no specific name. Therefore, further we will refer to the function L (x, y) as
the L-function.
Define the constant γ = 2.75. Then the equation (3) can be expressed as
e−t
2
= e−2γ|t| + 2γ |t| e−γ|t| + 1 (t) .
Making change of the variable t→ t/2 in this equation leads to
e−(
t
2)
2
≈ e−γ|t| + γ |t| e− γ|t|2
3
or
e−t
2/4 ≈ e−γt + γte− γt2 , t > 0. (7)
Lastly, substituting the approximation (7) into equations (5) and (6)
yields
K (x, y) ≈ 1√
pi
(
y + γ
x2 + (y + γ)2
+
4γ
(
(2y + γ)2 − 4x2)(
4x2 + (2y + γ)2
)2
)
(8)
and
L (x, y) ≈ x√
pi
(
1
x2 + (y + γ)2
+
16γ (2y + γ)(
4x2 + (2y + γ)2
)2
)
, (9)
respectively.
3 Discrepancies
In order to evaluate discrepancies it is convenient to define the absolute
differences for the real and imaginary parts of the complex error function as
∆Re = |Kref. (x, y)−K (x, y)|
and
∆Im = |Lref. (x, y)− L (x, y)| ,
respectively, where Kref. (x, y) and Lref. (x, y) are the references.
Figure 3a depicts the absolute difference for the pseudo-Voigt function
(8). As we can see from this figure, the absolute difference ∆Re provided by
the pseudo-Voigt function (8) increases with decreasing parameter y. The
largest discrepancy 0.037 is observed at y = 0.
Figure 3b illustrates the absolute difference for the L-function approxi-
mation (9). Similar to the pseudo-Voigt function (8), the absolute difference
of the L-function approximation (9) increases with decreasing parameter y.
The largest discrepancy 0.036 also occurs at y = 0.
Although the proposed pseudo-Voigt function (8) is not as accurate as
that of reported in [4], it represents a very simple rational approximation
(without any hyperbolic functions). Therefore, its application may be more
convenient for rapid computation, for example, in debugging programs deal-
ing with large-scale data.
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Fig. 2. Absolute differences for a) real and b) imaginary parts of the
complex error function at y = 0 (blue curves), y = 0.1 (red curves),
y = 0.5 (green curves) and y = 1 (brown curves).
4 Conclusion
A simple approximation for the Voigt/complex error function based on fitting
with set of the exponential functions of form αn|t|ne−βn|t| is presented. The
largest absolute differences for the real and imaginary parts of the complex
error function are found to be 0.037 and 0.036, respectively.
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